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Abstra t

We use the segmented formulation of the Tau method to approximate the solutions
of a family of linear and nonlinear neutral delay dierential equations
a1 (t)y ′ (t) = y(t)[a2 (t)y(t − τ ) + a3 (t)y ′ (t − τ ) + a4 (t)]

+ a5 (t)y(t − τ ) + a6 (t)y ′ (t − τ ) + a7 (t), t ≥ 0

y(t) = Ψ(t),

t≤0

whi h represents, for parti ular values of ai (t), i = 1, 7, and τ , fun tional dierential equations that arise in a natural way in dierent areas of applied mathemati s.
This paper means to highlight the fa t that the step by step Tau method is a
natural and promising strategy in the numeri al solution of fun tional dierential
equations.
Fun tional dierential equations; Step by step Tau method; Neutral
delay dierential equations.
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1 Preliminaries
In this paper the segmented Lan zos-Tau method (i.e.

step by step Tau

method [1℄) is used to nd numeri al solutions of the nonhomogeneous fun tional dierential problem of neutral type:

a1 (t)y ′ (t) = y(t)[a2 (t)y(t − τ ) + a3 (t)y ′ (t − τ ) + a4 (t)]
+ a5 (t)y(t − τ ) + a6 (t)y ′ (t − τ ) + a7 (t), t ≥ 0
y(t) = Ψ(t), t ≤ 0,

(1)

τ > 0, and the ai (t)'s and Ψ(t) are polynomial fun tions in [0, ∞)
[−τ, 0], respe tively (on the ontrary, we use pie ewise polynomial ap-

where
and

proximations of the given fun tions a

ording to their smoothness). Eq. (1)

has as parti ular ases: the neutral (a3 (t) 6= 0 or a6 (t) 6= 0), delay (a3 (t) ≡
a6 (t) ≡ 0), linear (a2 (t) ≡ a3 (t) ≡ 0) and nonlinear (at least one of the
ai (t)'s, i = 2, 3, is nonzero) fun tional dierential equations.
In two re ent papers, [2℄ and [3℄, linear and nonlinear
separately, and in [4℄ and [5℄, parti ular
the segmented Tau method.
parti ular

onsidered using

To details about some linear and nonlinear

ases see [2℄-[3℄ and the referen es therein.

Sin e for (1) no
for linear

ases were studied

ases were also

losed form of analyti al solution is available (ex ept

ase [6℄), we obtain polynomial approximations to its solutions by

applying a spe tral te hnique, the step by step Tau method (or SST method
to abbreviate) with the adopted approa h in the papers [2℄-[5℄.
The Tau method, rst introdu ed by Lan zos [7℄, is an important example
of how to get approximations of fun tions dened by a dierential equation.
It is an important feature of the Tau method that no trial solutions, approximate quadratures or large matrix inversions are required. In the formulation
of a step by step Tau version it is allowed to
approximations of a given fun tion whi h

onstru t pie ewise polynomial
an be used to start a rening

pro ess (see [1℄ for details).
Next we shall briey sket h the Ortiz's re ursive formulation of the Tau
method and its segmented version (i.e. the SST method).

The notation used here is, with slight modi ations, that of [8℄. Let
be the

lass of polynomials of degree less than or equal to

the equation dened by the dierential operator

Ly(x) ≡

ν
X
i=0

j.

Let us

Pj

onsider

L:

pi (x)y (i) (x) = f (x),

(2)
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where

pi (x)

f (x)

are polynomials of nite degree (on the ontrary, they
(i)
are polynomial approximations of given fun tions), and y
represents the

ith

and

derivative of

supplementary

y(x).

We assume also that the solution

(fk , y) = sk , k = 1, . . . , ν,
where

[a, b]

is a

y(x)

of (2) satises

onditions

ompa t interval,

fk

x ∈ [a, b],

(3)

are linear fun tionals a ting on

y(x).

In order to express the Tau method approximations as a weighted arithmeti

mean of su

essive partial sums of the power series solutions and ob-

taining approximations of high pre ision, Lan zos proposed ([9℄) the
of the

anoni al polynomials

Qn (x), n ∈ IN 0 ≡ IN ∪ {0},

on ept

asso iated with a

linear dierential operator. Afterwards, Ortiz introdu ed the more workable
n
denition of Qn (x) [8℄, LQn (x) = x + Rn , where Rn (x) is a polynomial
i
generated by {x }, i ∈ S (set of indi es for whi h anoni al polynomials
remain undened), and is alled the residual polynomial of Qn (x). Note:
RS ≡ spani∈S {xi }.
Another important on ept is that of generating polynomials [8℄, whi h
n
are obtained from applying L to x , where n ∈ IN 0 . From them we an nd
a re ursive relation for the

anoni al polynomials. Ea h dierential operator

L (that belongs to the lass hara
a sequen e {Qn }, n ∈ IN 0 − S , of

terized by (2)) is uniquely asso iated with
anoni al polynomials. For further details

about how to generate this sequen e and pre ise denitions of Ortiz' algebrai

theory of the Tau method we refer to [8℄.

v = {vi (x)} = V x be a polynomial basis dened by a lower triangular
V = (vij ), with i, j ∈ IN , a ting on x = (1, x, x2 , . . .)t . Let Q̂ =
{P
Q̂n (x)}, n ∈ IN − S su h that LQ̂n (x) = vn (x) + R̂n (x), and Q̂n (x) =
n
j=0 vn Qj (x), where j ∈ S. We onsider the perturbed equation
Let

matrix

Lyn (x) = f (x) + Hn (x),

(4)

(n)
i=0 τi vn−i (x)

Pm

∈ Pn , whi h is alled the perturbation term,
(n)
is expressed in terms of the basis v. The τi 's are parameters that we wish
Pr
to nd. Further we assume that f (x) =
i=0 αi vi (x), where r ≤ n. Hen e,
where

Hn (x) =

yn (x) =

m
X

(n)
τi Q̂n−i (x)

i=0

where

i∈
/ S.

Equation (5) is

+

r
X

αi Q̂i (x),

i=0

alled the Tau approximant of order

and satises exa tly (4) and (3).

(5)

ν

Tau parameters are

n

hosen su h

y(x),
that yn

of
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s) are hosen
f (x) + Hn (x)

onditions (3). Additional Tau parameters (say

Lyn (x) mat
there exist t exa

su h that the residuals of

h the

RS .
s+ν−t−1=m

t polynomial solutions of (2), then

belonging to

If

(see [8℄ for details).

We observe that the generation of the
ther on the

omponents of

anoni al polynomials depend nei-

onditions (3) nor on the interval in whi h the solution is required.

These features allow us to introdu e the

on ept of Ortiz's segmented approx-

imations.

Π be a partition of the interval [a, b] into subintervals Ij = [xj−1 , xj ],
j = 1, . . . , E , where x0 = a < x1 < x2 < . . . < xE = b. We onsider,
for j = 1, . . . , E , the Tau approximants ynj (x), with x ∈ Ij , whi h dene a
pie ewise Tau approximant yn (x) of order n of the solution y(x) of problem
(2)-(3), if ea h of the ynj 's satises (2) with a polynomial perturbation term
Hnj (x), with x ∈ Ij , and, for k = 1, . . . , ν , (fk , ynr ) = sk (r = 1, E ), and, for
(i)
(i)
j = 2, . . . , E , ynj−1 (xj−1 ) = ynj (xj−1 ), i = 0, . . . , ν − 1. We point out that
the onstru tion of a pie ewise Tau approximation yn (x) of the solution y(x)
of problem (2)-(3) depends only on one matrix V and one anoni al sequen e
Q.
Let

There is a range of possibilities in the
[9℄ and [10℄ suggested the

hoi e of a basis

v.

Lan zos in

hoi e of Chebyshev and Legendre polynomials to

obtain a better distribution of errors over the interval in whi h the original
problem is dened and the approximate solution is required. In parti ular,
Lan zos' remark

on erning the approximations obtained using a Legendre

polynomial perturbation term, allows us to obtain a

urate estimations at

the end point of that interval [10℄, whi h is the key fa t to

onstru t the step

by step formulation of the Tau method in whi h the error is minimized at
the mat hing point of su

essive steps [1℄.

This paper is organized as follows. In Se tion 2, we nd the pie ewise
polynomial approximation of the involved neutral problem using the Lan zosTau method, and we solve the outlined linear and nonlinear neutral dierential problems using the re ursive formulation of the Tau method. Finally, in
Se tion 3 we present some

on luding remarks.
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2 Solving the dierential equation using the SST
method
I will denote the unit interval
[0, 1] and, for ea h integer k , k ≥ −1, the interval [kτ, (k+1)τ ] will be denoted
by Ik . We apply the Tau method to ea h nite interval Ik of the domain and
We will use the following notation. The symbol

we solve the given problem in ea h interval separately.
Starting with the

ontinuous fun tion

Ψ

given on

[−τ, 0],

whi h will be a

polynomial fun tion, the method generates a polynomial approximation on
the next interval

[0, τ ].

In the same way it pro eeds into subsequent intervals,

ea h one with the same length

τ.

The initial

ondition is satised by the

approximate solution in the rst interval, and the initial

ondition in ea h

subsequent interval is taken to be the endpoint value of the previous solution.
Thus, Equation (1) is dened over

[0, ∞)

in a pie ewise manner. Here, we

Ik s

to the

given in

[−τ, 0]

noti e that our segmented strategy will for e to shift the intervals
unit interval
to

I,

I

(i.e. starting with the shift of the fun tion

the method generates a polynomial dened in

solution of (1) in

I0 ;

I

Ψ

that approximates the

from this last polynomial a polynomial dened in

I1 ; we pro eed in
Ik , k ≥ 2).
It is lear that if t ∈ [−τ, ∞), then t ∈ Ik for some k ≥ −1.
t = τ (x + k), with x ∈ I . Then, we an dene, for all x ∈ I ,

 yk (x) = y(τ (x + k)) = y(t), k ≥ 0,
y−1 (x) = Ψ(τ (x − 1)),

Aik (x) = aik (τ (x + k)), i = 1, 7, k ≥ 0,
generated that approximates the solution of (1) in

I

is

similar

way into subsequent intervals

where, for ea h i=1,7, and

interval

Ik .

k ≥ 0, aik

represents the restri tion of

Hen e,

(6)

ai (t) to the

Thus, Eq. (6) leads to the sequen e of dierential equations

′
A1k (x)yk′ (x) = [τ A2k (x)yk−1(x) + A3k (x)yk−1
(x) + τ A4k (x)]yk (x)
′
+ τ A5k (x)yk−1(x) + A6k (x)yk−1 (x) + τ A7k (x), x ∈ I, k ≥ 0
y−1 (x) = Ψ(τ (x − 1)), x ∈ I,
(7)
and to mat h the solutions, at the endpoints of the intervals, we impose the

yk (0) = yk−1(1), k ≥ 0.
n be a xed integer greater
degree(y−1 (x)) and rlk = max1≤i≤7
onditions
Let

max{r, rlk }, where r =
degree(Aik (x)), for ea h k ≥ 0 (n is

or equal than
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the desired degree for the approximating polynomials that we seek). From
Equation (4), for ea h
of Eq. (7),

k ≥ 0,

we will

onsider the following perturbed form

′
A1k (x)Yk′ (x) − [τ A2k (x)Yk−1 (x) + A3k (x)Yk−1
(x) + τ A4k (x)]Yk (x)

′
= τ A5k (x)Yk−1 (x) + A6k (x)Yk−1
(x) + τ A7k (x) + Hn(k) (x),
x ∈ I, k ≥ 0,

where

Y−1 (x) = Ψ(τ (x − 1)) (x ∈ I ),

and

Yk−1(x),

for ea h

(8)

k ≥ 1,

is

the polynomial solution from the previous interval. The perturbation term
(k)
Hn (x) is dened in terms of the shifted Legendre polynomial in I , Pn∗ (x),
and the

τ -parameters

(see Se tion 1).

hara teristi s of ea h parti ular
perturbation terms were

They are

hosen a

ase of (1) (e.g.

ording to the

in [2℄ and [3℄ dierent

onsidered). The hoi e of Legendre over Chebyshev

polynomials is motivated by their superior endpoint a

ura y (see

omments

at the end of Se tion 1, and [10℄).
The polynomials we seek are assumed to be of the form,

Yk (x) =

n
X
j=0

with the

(k)

aj xj , k ≥ −1,

onditions

Yk (0) = Yk−1 (1), k ≥ 0.
Next, for ea h

k ≥ 0,

L(k) (·) = A1k (x)
Thus, for ea h

(9)

we dene the linear dierential operator

L(k)

to be

d
′
(·) − [τ A2k (x)Yk−1 (x) + A3k (x)Yk−1
(x) + τ A4k (x)](·)
dx

k ≥ 0,

(10)

the perturbed problem (8)-(9) be omes

′
L(k) Yk (x) = τ A5k (x)Yk−1(x) + A6k (x)Yk−1
(x) + τ A7k (x) + Hn(k) (x)
Yk (0) = Yk−1 (1)
From now on the parti ular

ai (t)'s

hoi e of perturbation term and

in (1) will establish the

orresponding sequen e of

nomials (see Se tion 1). So, in ea h parti ular
the Tau method e iently.

oe ients

anoni al poly-

ase, it will allow us to apply
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2.1 Solving linear neutral dierential equations
a2 (t) ≡ a3 (t) ≡ 0. We will simplify our exposition doing a1 (t) ≡
1, and a4 (t), a5 (t) and a6 (t) independent of time t (i.e. we will onsider a4 ,
a5 and a6 onstant parameters in (1)). So that, Eq. (1) is transformed in
In linear ase

y ′ (t) = a4 y(t) + a5 y(t − τ ) + a6 y ′(t − τ ) + a7 (t),
y(t) = Ψ(t), t ≤ 0,
Thus, following [2℄, we will suppose that

(k) j
j=0 γj x ,

Prk

k ≥ 0,

(−1) j
x and
j=0 aj

Pr

(11)

A7k (x) =

rk are nonnegative integers, and we will
(k)
hoose the perturbation term Hn (x) su h that it is dened in terms of a
Pn
(k)
j
shifted Legendre polynomial as Hn (x) = τk
j=0 Cj x , where the Cj 's are
∗
the oe ients of the shifted Legendre polynomial Pn (x) of degree n in I .
d
In a4 6= 0 ase, let us dene the linear operator L to be L(·) =
(·) −
dx
a4 τ (·). So, the perturbed equation (8) be omes
where

r

y−1 (x) =

t≥0

and

′
LYk (x) = a5 τ Yk−1 (x) + a6 Yk−1
(x) +

rk
X

(k)

τ γj xj + τk

=

(k−1)

(βj

Cj xj

j=0

j=0

n
X

n
X

+ τk Cj )xj ,

(12)

j=0

(k−1)
where oe ients βj
(0 ≤ j ≤ n) are dened in terms of
(k)
and γj
parameters (see [2℄ for details).

(k−1)

a5 , a6 , aj

On the other hand, from the generating polynomials (see Se tion 1) it is
easy to obtain the

anoni al polynomials. These are dened by

m

1
m! X
xi ,
Qm (x) = −
m−i
aτ i=0 (aτ ) i!
Note that there are no undened

m ≥ 0.

anoni al polynomials. Therefore, the exa t

polynomial solution of the perturbed equation (12) is set to be

Yk (x) =

n
X
j=0

(13)

(k−1)

(βj

+ τk Cj )Qj (x).
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Now, if we substitute (13) in the above expression we have

n
1 X
Yk (x) = −
aτ j=0

(k−1)
j
X
(βj
+ τk Cj )j!

(aτ )j−i i!

i=0

i

x

!

,

and the exa t polynomial solution of the perturbed equation (12)

an be

redu ed to

n
1 X
Yk (x) = −
aτ j=0
Now, for ea h
for the initial

k ≥ 0,

n
(k−1)
X
(β
+ τk Ci )i!
i

i=j

(aτ )i−j j!

!

xj .

(14)

τk was introdu ed in order to a ount
x = 0. Therefore, by setting x = 0 in
equation Yk (0) = Yk−1 (1), to obtain τk .

the parameter

ondition imposed at

(14) we solve for ea h

k,

the

Finally, from (14) we have the desired polynomial approximations to the
solution of the fun tional dierential equation (11):

y(t) ≈ Yk (x) = Yk
In the

ase

a4 = 0

t
τ


−k ,

t ∈ Ik , k ≥ 0.

we do not need to apply the Tau method dire tly (see [2℄

for details).

2.2 Solving nonlinear neutral equations
In nonlinear

our exposition doing
(i.e. we will

a2 (t) and a3 (t) is nonzero. We will simplify
a1 (t) ≡ 1, a2 (t), a3 (t) and a4 (t) independent of time t
a2 , a3 and a4 onstant parameters in (1)), and a5 (t) ≡

ase at least one of
onsider

a6 (t) ≡ a7 (t) ≡ 0.

So that, Eq. (1) is transformed in the nonlinear neutral

fun tional dierential problem

y ′(t) = y(t)[a2 y(t − τ ) + a3 y ′ (t − τ ) + a4 ],
y(t) = Ψ(t), t ≤ 0,
From (10), for ea h

k ≥ 0,

L(k) (·) =

t≥0

we dene the linear dierential operator

d
′
(·) − [τ a2 Yk−1(x) + a3 Yk−1
(x) + τ a4 ](·)
dx

(15)
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k ≥ 0,

Following [3℄, for ea h

L

(k)

Yk (x) =

Hn(k) (x)

let us

rk
X

=

(k)
τ i xi

i=0

=

rk
X

i
X

onsider the perturbed form of Eq. (7)

!

(k)

rk
X

=

τj Ci−j xi +

rk
X

n−r
Xk
rk
X

and

rk (0 ≤ rk ≤ n)

Cj x

j=0

(k)

j

!

!

τj Crk +i−j xrk +i

n−i
X

!

(k)

τn−j Ci+j xn+i ,

j=n−rk

i=1

x∈I

n
X

!

j=0

i=1

+

with

(k)
τ i xi

i=0

!

j=0

i=0

Pn∗ (x)

denoting the degree of

(16)

Yk−1(x).

Next, from the generating polynomials we obtain the set of anoni al
(k)
(k)
polynomials {Qm (x)} asso iated with L . We distinguish two ases: rk = 0
(k−1)
and rk 6= 0. For the rst one we have (whenever a0
= Yk−1 (x) 6= −a4 a−1
2 )

For

m
X

m!

Q(k)
m (x)

=−

rk 6= 0

ase we

τ (a4 +

(k−1)
a2 a0
) ν=0

1
ν![τ (a4 +

1

(k)

+(τ a4 +

(k−1)

(k)

xm − mQm−1 (x)
(k−1)

a3 a1
)Q(k)
m (x)
!

[τ a2 a(k−1)
+ a3 (ν + 1)aν+1 ]Qν+m (x) ,
ν

ν=1

undened.

(k)

(k−1)
τ a2 a0
(k−1)
τ a2 a0
+

rX
k −1

Note that the rst

xν , m ≥ 0.

an obtain the following re ursive denition ([3℄)

Qrk +m (x) = −

+

(k−1) m−ν
a2 a0
)]

rk

anoni al polynomials

m ≥ 0.

(k)

Qi (x) (0 ≤ i ≤ rk − 1)

remain

From these two last expressions we obtain dire tly the exa t

polynomial solution of the perturbed equation (16). For ea h
to be

Yk (x) =

(17)

rk
X
i=0

i
X
j=0

(k)
τj Ci−j

!

(k)
Qi (x)

+

n−r
Xk
i=1

+

rk
X
i=1

rk
X

(k)
τj Crk +i−j

j=0

n−i
X

j=n−rk

(k)
τn−j Ci+j

!

k ≥ 0,

it is set

(k)

Qrk +i (x)

!

(k)

Qn+i (x).

(18)
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(k)
an either obtain only τ0
from (9) (rk = 0 ase) or obtain the rk + 1
(k)
unknowns τj
to a ount for the initial ondition (9) in addition to the rk
undened anoni al polynomials (rk 6= 0 ase) . See [3℄ for details.
Here we

Finally, we obtain the polynomial approximations to the solution of the

nonlinear neutral dierential equation (15):

y(t) ≈ Yk (x) = Yk

3 Con luding remarks

t
τ


−k ,

t ∈ Ik , k ≥ 0.

In papers [2℄-[5℄ intensive numeri al experimentation have been
and from them signi ant improvements have been obtained

arried out,

ompared with

the numeri al results reported by other authors elsewhere, and using dierent
approa hes.
This paper, together with papers [2℄-[5℄, demonstrate that the step by step
Tau method is a natural and promising strategy for the numeri al solution
of fun tional dierential equations.
The method proposed by us
(e.g. nonautonomous

an be extended to more general problems

ase and nonlinear systems). Re ently, this approa h

was also applied to the

ase of a mixed-type fun tional dierential equation

problem with delayed and advan e arguments [11℄.
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