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Abstra t

We address the issue of approximating the pseudoinverse of the oe ient matrix
for dynami ally building pre onditioning strategies for the numeri al solution of
large dense linear least-squares problems. The new pre onditioning strategies are
embedded into simple and well-known iterative s hemes that avoid the use of the,
usually ill- onditioned, normal equations. We analyze a s heme to approximate
the pseudoinverse, based on S hulz iterative method, and also dierent iterative
s hemes, based on extensions of Ri hardson's method, and the onjugate gradient
method, that are suitable for pre onditioning strategies. We present preliminary
numeri al results to illustrate the advantages of the proposed s hemes.
S hulz method, pseudoinverse, linear least-squares problems, pre onditioned Ri hardson's method, onjugate gradient method.
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Introdu tion

We are interested in solving dense large-s ale linear least-squares problems
of the form:

min kAx − bk2 ,

(1)

x∈IRn
where

A is an m×n matrix, with m > n.

The solution of (1)

an be obtained

by solving the normal equations

AT Ax = AT b,
whi h

(2)

an be solved by using dire t methods or iterative methods

with pre onditioning te hniques. For a

ombined

omplete revision on the di ulties

of solving the normal equations, and for some possible remedies see, e.g.,
[1, 2, 3, 4℄.
Dire t methods for solving (2) are based on matrix fa torizations (e.g.
Cholesky and

QR),

whi h have the tenden y to produ e ina

urate solutions

for large-s ale ill- onditioned problems; see e.g., [4℄. If the pseudoinverse,
A† ∈ IRn×m , of the matrix A is available, then the minimum norm solution
†
of (1) is given by x = A b.
From a histori al perspe tive, iterative methods have been mainly asso iated with sparse large-s ale problems [2, 5℄.

Nevertheless, in the last

two de ades, mainly due to the popularity of parallel ar hite tures, there
have been a growing interest in using iterative methods also for dense larges ale problems; see, e.

g., [6, 7, 8℄.

Dense large-s ale least-squares prob-

lems appear in astronomy, geodesy, and statisti s, among others; see, e.g.,
[9, 10, 11, 12, 13℄.
The following remark plays a key role in this work: if we ould obtain by
n×m
†
of the matrix A , then we ould
some means an approximation C ∈ IR

use it as a pre onditioner for the

onjugate gradient method, and also for the

following iterative residual-type s heme

xk+1 = xk + λk Crk ,
where

rk = b − Axk

is the residual ve tor at

xk ,

(3)
and

λk > 0

is a suitable

step length. The s heme (3) an be viewed as a pre onditioned Ri hardson's
C = A† , and λk = 1, then the iterative s heme (3) nds

method. Clearly, if

the solution of (1) in one iteration. In pra ti e, the better

A†

the fewer iterations are required in either the

or in (3), to solve (1); see e.g., [14, 15℄.

C

approximates

onjugate gradient method
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In this work we will analyze some ideas to nd an approximation of
†
the re tangular matrix A whi h are based on the lassi al S hulz iterative method [16℄. We will also des ribe how to
guarantee the

onvergen e of (3). A similar

hoose the step length

λk

to

ombination of (3) with S hulz

iterative method has been analyzed for solving nonsingular linear systems of
equations in [14℄.
The rest of this work is organized as follows. In se tion 2, we re all S hulz
method to approximate the pseudoinverse of

A

and analyze some of its key

features for solving (1). In se tion 3, we present and analyze the so- alled
Ri hardson-PR2 extension of the

lassi al Ri hardson's method, developed

by Brezinski [14, 15℄ for solving linear systems of equations.
we

ombine the Ri hardson-PR2 method, as well as the

In se tion 4,

onjugate gradient

method, with a pre onditioning strategy based on S hulz method for solving
least-squares problems. In se tion 5, we present preliminary numeri al results
on some dense ill- onditioned least-squares problems. Finally, in se tion 6,
we present some nal remarks.

2

S hulz method to approximate the pseudoinverse

S hulz method is an iterative method to approximate the (pseudo) inverse of
a matrix

A.

From a given

M0 ,

it produ es the following iterates

Mk+1 = 2Mk − Mk AMk .
S hulz method
map

F (X) =

an be obtained applying Newton's method to the related
X −1 − A. It was originally developed by S hulz [16℄, and

possesses numeri al stability, lo al
vergen e from some spe i
if

A

(4)

does not have an inverse the

pseudoinverse of

A;

q -quadrati onvergen e, and global onM0 (e.g., M0 = AT /kAk22 ). Moreover,
†
s heme given by (4) onverges to A , the

hoi es of

see [17℄ and its referen es for a

omplete revision of this

topi .
The ne essary and su ient

ondition for the

onvergen e of the iterative

s heme given by (4), to approximate the inverse of a given nonsingular matrix
(m

= n) or to approximate the pseudoinverse of
A ∈ IRm×n , is well-known; see e.g., [18, 19℄.

a re tangular full-rank

matrix

Theorem 2.1. Let A ∈ IRm×n be a full-rank matrix, and let M0 ∈ IRn×m.
The sequen e (4) generated by S hulz method onverges to A† if and only if
ρ(I − AM0 ) < 1, where ρ(C) is the spe tral radius of the matrix C .
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omputational point of view, an interesting relation obtained from

(4), that will be used later in this work, is the following. For any

k,

I − Mk+1 A = I − (2Mk − Mk AMk )A = (Mk A)2 − 2Mk A + I = (I − Mk A)2 .
Therefore, using an indu tive argument
k

I − Mk A = (I − Mk−1 A)2 = ((I − Mk−2 A)2 )2 = · · · = (I − M0 A)2 .
Let us now dene

Bk = Mk A,

whi h

ombined with the previous equality,

yields

k

Bk = I − (I − B0 )2 .
Noti e also that the matrix produ ts
matri es even if
the sparse

Mk A

or

A is a sparse matrix, and so, S

ase; whereas in the dense

(5)

AMk

would produ e dense

hulz method is not suitable in

ase it does not introdu e any additional

ll-in.
A well-known and suitable
vergen e

hoi e for

that satises the

on-

ondition in Theorem 2.1 (see, e.g., [18℄), is

M0 =
To

M0 ∈ IRn×m ,

AT
.
kAk22

(6)

lose this se tion, we will establish two theoreti al results that are

relevant to the appli ation of S hulz method to re tangular matri es. First,
we will dis uss an orthogonality

ondition of the produ t

analogous to the standard orthogonality

Mk (b−Ax) whi

h is

ondition that holds at the solution

λk i
λki is also the k -th Newton iteration for
nding the root of the fun tion f (x) = 1 − 1/x (whi h is learly x = 1) from
the initial guess λ0i , the i-th eigenvalue of M0 A.

of linear least-squares problems. Se ond, we are going to prove that if
is the i-th eigenvalue of

Mk A,

then

Before we pro eed we need to show, as a preliminary result, that the
eigenvalues of

Mk A,

for all

k,

are all uniformly bounded.

Theorem 2.2. Let A ∈ IRm×n be a full-rank matrix with m ≥ n, and let
Mk be the k -th S hulz iterate (4), where M0 is given by (6). Then, for any
eigenvalue λi of the matrix Mk A, 0 < λi ≤ 1.

Proof.
rank,

k = 0, M0 = AT /kAk22 , and so M0 A = AT A/kAk22 .
then M0 A is symmetri positive denite and hen e all
For

Sin e

A is full-

its eigenvalues
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are real and positive.

ρ(M)

On the other hand, for any

M,

M for any

AT A
AT A
≤
kAk22
kAk22

is less than or equal to the norm of

0 < ρ(M0 A) = ρ
Therefore, the result holds for



k = 0.

Now, let

(5), we have that

the spe tral radius

matrix norm, and so

2

≤ 1.

k ≥ 1.

Using the re urren e

k

Mk A = I − (I − M0 A)2 .

k

p(x) = 1 − (1 − x)2

Mk A an be written
2k
as Mk A = p(M0 A), and its eigenvalues are of the form Λ(λi ) = 1 − (1 − λi )
where λi is an eigenvalue of M0 A. Sin e 0 < λi ≤ 1, it follows that 0 <
Λ(λi ) ≤ 1, and the result is established for k ≥ 1.
If we now

We

onsider the polynomial

,

an also establish a bound for the eigenvalues of the matrix

2I −Mk A.

Corollary 2.1. For any eigenvalue λi of 2I − Mk A, 1 < λi ≤ 2.
Proof. Consider the polynomial p(x) = 1 + x, and write 2I − Mk A = p(I −
Mk A).

Sin e the eigenvalues of

follows dire tly.

I − Mk A

are in the interval

(0, 1]

the result

Let us now establish the key orthogonality result.

Theorem 2.3. Let A ∈ IRm×n be a full-rank matrix with m ≥ n, b ∈ IRn ,
and let Mk be the k-th S hulz iterate (4), where M0 is given by (6). Then xM
is the least-squares solution of (1) if and only if the following orthogonality
ondition holds:
Mk (b − AxM ) = 0, k = 0, 1, . . .

Proof.

k = 0, M0 = AT /kAk22 , and using
ondition, A (b − Ax) = 0, obtained from (2) for

The proof is by indu tion on

the standard orthogonality

k.

For
T

linear least-squares solutions, we have that

M0 (b − AxM ) =
xM solves (1). Now,
Mi (b − AxM ) = 0. It


1
AT (b − Ax) = 0,
2
kAk2
k = i ≥ 1,

if and only if

for

hypothesis

su es to show that the result holds for

k = i + 1.

In that

let us assume the indu tive

ase

Mi+1 = 2Mi − Mi AMi = (2I − Mi A) Mi ,
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and so

Mi+1 (b − AxM ) = (2I − Mi A) Mi (b − AxM ).

Using now the indu tive hypothesis

only if

For the

Mi (b − AxM ) = 0,

it follows that

(2I − Mi A) Mi (b − AxM ) = 0.
part, we need to guarantee that zero

annot be obtained in

the produ t of (2I − Mi A) times a nonzero ve tor; i.e., we need to verify that
′
n
′
′
if b ∈ IR then (2I − Mi A) b = 0 if and only if b = 0; whi h holds when the

(2I − Mi A) is learly
nonsingular sin e all its eigenvalues are in the interval (1, 2]. Consequently,
′
setting b = Mi (b − AxM ) the result is established for k = i + 1.

matrix

(2I − Mi A)

is nonsingular. By Corollary (2.1),

Theorem 2.3 plays a

Mk ,

hoi e of

entral role in our work, sin e it indi ates that the

as a pre onditioner, is very

resulting pre onditioned system has
solution

n

onvenient in the sense that the

equations and

n

unknowns and its

oin ides with the solution of (1).

Our next result establishes the

Mk A and
1 − 1/x.

onne tion between the eigenvalues of

the Newton iterations for nding the root of the fun tion

f (x) =

Theorem 2.4. Let A ∈ IRm×n be a full-rank matrix with m ≥ n, Mk be
the k-th S hulz iterate (4) where M0 is given by (6), and let λki be the ith eigenvalue of Mk A. Then λki is also the k-th Newton's iteration in one
variable to nd the root of f (x) = 1 − 1/x, from λ0i , the i-th eigenvalue of
M0 A, where M0 = AT /kAk22 .
Proof. For f (x) = 1 − 1/x, the one-dimensional Newton iteration is given by
xk+1 = xk −

f (xk )
= xk + xk (1 − xk ) = 2xk − x2k = 1 − (1 − xk )2 .
f ′ (xk )

1 − xk+1 = (1 − xk )2 , and using an indu tive argument, we obtain
2
2k
the re urren e 1 − xk = (1 − xk−1 ) = · · · = 1 − (1 − x0 ) . Hen e, Newton's
iteration for f (x) = 1 − 1/x an also be written as
Therefore

k

xk = 1 − (1 − x0 )2 .
Mk A = I −
2k
onsider the polynomial pk (x) = 1 − (1 − x) , we
k
pk (M0 A) = Mk A, and so pk (λ0i ) = 1 − (1 − λ0i )2 = λki , and the

On the other hand, for
k
(I − M0 A)2 . If we now
have that
proof is

omplete.

k ≥ 1

we already established that
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Theorem 2.4 shows that using the matri es

Mk

as pre onditioners tends to

luster the eigenvalues of the resulting pre onditioned system around
when

k

in reases; whi h is a

onvenient ee t to a

elerate the

λ=1

onvergen e

of iterative methods.

3
A

Extensions of Ri hardson's method for linear systems
lassi al iterative method for solving linear systems of the form

Ax = b,

whi h is well-suited for pre onditioning strategies, is Ri hardson's method,
that

an be written as

x(k+1) = x(k) + λk r (k)
r (k+1) = b − Ax(k) ,
where

λk

an be

that minimizes

(7)

hosen in dierent ways [15, 20, 21℄. The standard

kr (k+1) k22 ,

hoi e

is given by

T
Ar (k) r (k)
.
λk = −
kAr (k) k22
An extension of Ri hardson's method, whi h in ludes the use of arbitrary
sear h dire tions, and hen e allows the use of pre onditioning strategies, was
 (k)
developed by Brezinski [14, 15℄ as follows. Consider the sequen e
x
 (k)
generated by (7), and dene a new sequen e y
given by

y (k) = x(k) − λk z (k)
ρ(k) = r (k) + λk Az (k)

(8)

(k)
= b − Ay (k) is the new residual ve tor asso iated with y (k), and
where ρ
z (k) is a new sear h dire tion that, in prin iple, an be hosen arbitrarily.
From now on, as suggested in [14℄, we denote the method given by (8) as
Ri hardson-PR2. Later in this work, we will

ombine Ri hardson-PR2 with
(k)
S hulz iterations to build pre onditioned dire tions z
and solve (1). In

[22℄, Ri hardson-PR2 has been su

essfully

ombined with some standard

pre onditioning strategies for solving nonsymmetri

positive denite linear

systems of equations.
In (8), the step length

λk

is

λkmin

hosen to minimize

T
Az (k) r (k)
=−
.
kAz (k) k22

kρ(k) k22 ,

i.e., it is given by

(9)
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Noti e that using (9)

kρ(k) k22 = ρ(k)T ρ(k) = r (k)T + λk (Az (k) )T



r (k) + λk (Az (k) )

= r (k)T r (k) + 2λk (Az (k) )T r (k) + λ2k (Az (k) )T (Az (k) )

(k) T (k) 2
(Az
)
r
= kr (k) k22 −
2
((Az (k) )T (Az (k) ))
2
(Az (k) )T r (k)
(k) 2
kr (k) k22
= kr k2 −
2
2
(k)
(k)
kAz k2 kr k2

2
= 1 − cos (θk ) kr (k) k22 ,

and hen e


min kρ(k) k2 = kr (k) k2 sin(θk ),

(10)

λk

where

θk

hoi e for

is the angle between

λk

r (k)

and

Az (k) .



Therefore, with this optimal

we have that

kρ(k) k2 ≤ kr (k) k2
and so, sin e

r (k) → 0

when

k → ∞,

we obtain

kρ(k) k2
= 0 ⇐⇒ lim θk = 0
k→∞ kr (k) k2
k→∞
lim

In other words, when using
a

λkmin

eleration with respe t to the

θk → 0

or

θk → π .

a su ient

or

lim θk = π.

k→∞

(11)

ondition to obtain a signi ant

lassi al Ri hardson's methods is that either

If we dene

Qk =

(Az (k) )(Az (k) )T
,
kAz (k) k22

(12)

it follows that

Noti e that

Q2k = Qk

proje tion. As a

ρ(k) = (I − Qk )r (k) .
and

QTk = Qk ,

and so

(13)

I − Qk

is an orthogonal

onsequen e, we obtain a geometri al interpretation of the
ρ(k) is the orthogonal proje tion

optimal hoi e of step length (9): the residual
(k)
(k)
of r
onto Az
.
In

ase of solving a square nonsingular lineal system, the ondition (11)
(k)
(k)
(k)
implies that ρ
tends to zero if and only if r
for the onvergen e of ρ
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z (k) = ±βA−1 r (k) for some β ∈ IR and β 6= 0.
(k)
−1
However, su h a hoi e for z
is not pra ti al, sin e it requires A . A
pra ti al option, instead, is to hoose a sequen e of matri es {Ck } onverging
−1
to A . In that ase, the sear h dire tion is given by
and

Az (k)

are

ollinear, i.e.,

z (k) = Ck r (k) .
Using (14), the s heme given by (8)

(14)

an now be written as

y (k) = x(k) − λk Ck r (k)
ρ(k) = r (k) + λk ACk r (k)
T
(ACk r(k) ) r(k)
λk = − kAC r(k) k2 .
k

(15)

2

(k+1)
=
Finally, by reassigning (or y ling) the sequen e of iterates (see [15℄), x
(k+1)
(k)
(k)
y and r
= ρ , at every k , we obtain the following s heme starting
(0)
(0)
from a given x
and r
= b − Ax(0)

x(k+1) = x(k) + λk Ck r (k)
r (k+1) = r (k) − λk ACk r (k)
T
(ACk r(k) ) r(k)
λk = kAC r(k) k2 .
k

Note that, as expe ted, if we x

(16)

2

Ck = I

for all

k

in (16), the

lassi al

Ri hardson's method (7) is obtained.
Algorithm 3.1 presents the general version of Ri hardson-PR2 to solve

Ax = b.

In Algorithm 3.1 we assume the existen e of a pro edure to build

a pre onditioner matrix

Ck

at every iteration, starting from a given

Algorithm 3.1, and for all the forth oming algorithms in this work,

C0 . For
Nmax is

a given positive integer that represents the maximum number of iterations;
and

ǫ>0

4

Pre onditioning least-squares problems using S hulz

is a given real number for stopping the iterations.

method
In this se tion we will

ombine Algorithm 3.1 and S hulz method, given by

(4), to solve (1) using an extended pre onditioned Ri hardson's method; i.e.,
we will use, in Algorithm 3.1,

Ck = Mk

for all

k.

for solving nonsingular linear systems of equations

A similar

ombination

an be found in [14℄. We
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Algorithm 3.1 Ri hardson-PR2 (General version)
1: fun tion Ri hardsonPR2(A, b, x(0) , C0 , Nmax , ǫ)
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

r (0) ← b − Ax(0)
for k = 0, 1 . . . , Nmax do
v ← Ck r (k)
u ← Av
p1 ← uT r (k)
p2 ← u T u
λk ← p1 /p2
x(k+1) ← x(k) + λk v
r (k+1) ← r (k) − λk u
if kr(k+1)k2 < ǫ then
return x(k+1)

end if
end for
end fun tion

will also des ribe a straightforward
well-known pre onditioned
First, we dis uss the
when the matri es

Mk ,

ditioners. For that the

ombination of S hulz method with the

onjugate gradient method to solve (1).

ondition number of the least-squares problem (1)
obtained from S hulz method, are used as pre onondition number of the re tangular matrix

A

plays

an important role [1℄.

The standard denition that generalizes the ondi†
tion number of nonsingular matri es is κ(A) = kAk2 kA k2 = σ1 /σr , where

0 < r = rank(A) ≤ min(m, n), and σ1 ≥ σ2 ≥ · · · ≥ σr > 0 are the nonzero
singular values of A. It is well-known that in general the ondition number
of least-squares problems depends on A and also on the right-hand side b.

Moreover, From Theorem 1.4.6 and Remark 1.4.1 in [1℄, it follows that if

rank(A) = n,

then


κLS (A, b) = κ(A) 1 + κ(A)
r = b − AxLS and xLS solves (1).
Now, if Mk for any k , obtained from

krk2
kAk2 kxLS k2



(17)

where

ditioner, then the least-squares

S hulz method, is used as a pre on-

ondition number in (17) be omes

κLS (Mk A, Mk b) = κ(Mk A) + κ2 (Mk A)

kMk (b − AxLS )k2
.
kMk Ak2 kxLS k2

(18)
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From Theorem (2.3) it follows that

Mk (b − AxLS ) = 0

for all

k.

Therefore,

we dedu e that using S hulz iterates as pre onditioners eliminates the term
2
of order κ (A) in (18), yielding

κLS (Mk A, Mk b) = κ(Mk A).

(19)

Mk onverges to A† , using Mk for k su iently large, guarantees that
κLS (Mk A, Mk b) ≈ 1. In other words, using the matri es Mk as pre ondiSin e

tioners produ e the desired ee t of a

elerating the

onvergen e of residual

iterative methods.

Algorithm 4.1 PR2-S hulz
1: fun tion PR2-S hulz(A, b, x(0) , Nmax , ǫ)
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:

r (0) ← b − Ax(0)
M ← AT /kAk22
d ← Mr (0)
for k = 0, 1 . . . , Nmax do
u ← Ad
p1 ← uT r (k)
p2 ← u T u
λk ← p1 /p2
x(k+1) ← x(k) + λk d
r (k+1) ← r (k) − λk u
M ← 2M − MAM
d ← Mr (k+1)
if kdk2 < ǫ then
return x(k+1)

end if
end for
end fun tion

We are now ready to present, in Algorithm 4.1, the

ombination of Algo-

rithm 3.1 and S hulz method for solving the linear least-squares problem.
To nish this se tion, we now des ribe how to
with the well-known pre onditioned
[2℄), for symmetri

and positive denite systems, to solve (1). Noti e that

from the proof of Theorem 2.2 it is
denite for any

ombine S hulz method

onjugate gradient method (see, e.g.,

k ≥ 0;

lear that

Mk A is symmetri

and also that from Theorem 2.3 solving

and positive

Mk Ax = Mk b
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(1).

k ≥ 0

is equivalent to solving the original least-squares problem

Hen e, the

Mk Ax = Mk b

36

onjugate gradient method

for a preestablished value of

an be applied to the system

k.

This

ombination will be

denoted from now on as the CG-S hulz method.

5

Numeri al Experiments

In this se tion, we present some numeri al experiments to illustrate several
aspe ts of the proposed s hemes CG-S hulz and PR2-S hulz, des ribed in
Algorithm 4.1, as well as their performan e on dense linear least-squares
problems. The experiments were

R
INTEL

R

R2008a on an

Core 2 DUO1.8 GHz ma hine with 2Gb of RAM.

The dense matri es to be

R
MATLAB

•

arried out in MATLAB

onsidered in our experiments are generated by

fun tions:

m×n real matrix with
µ and standard deviation
σ ). It is generated using the MATLAB R ommand randn(m, n).∗σ+µ.
The ondition number of these matri es depends on σ and µ. When
µ = 0, the smaller the value of σ the higher the ondition number of
Matrix

NormRand(µ, σ, m, n), whi

h is a dense

normally distributed random values (average

the matrix.

•

Matrix

RandSingV al((σ1 , . . . , σn ), m), whi

m × n real maσ1 , σ2 , . . . σn , obtained

h is a dense

trix with randomly distributed singular values
as follows:
1. Let
the
2. Let

U ∈ IRm×m

and

V ∈ IRn×n
R rand fun tion.
MATLAB
Q1 , R1

Q2 , R2

and

be the

be dense matri es generated with

QR

fa torizations of

U

and

V

re-

spe tively.
3. The nal matrix is obtained as
QT2 .

•

Matrix

Q1 ∗ diag(σ1 , σ2 , . . . , σn , 0, . . . , 0) ∗

RandSV D(m), from the MATLAB R

gallery. It is a dense

m×m

real matrix whose singular values are geometri ally distributed between

0

and

1.

These matri es are extremely ill- onditioned, with

number of the order of

√

1/ ǫ,

where

ǫ

is the ma hine

epsilon.

ondition
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Our numeri al tests are divided in two groups. First, we present some
experiments to appre iate the quality of the matri es
We will illustrate, e.g., that when
to

1,

k → ∞,

as indi ated by Theorem 2.4.

to illustrate the advantages of our

Mk

as pre onditioners.

the eigenvalues of

Mk A

tend

Se ond, we will present experiments

ombined s hemes to solve least-squares

dense linear problems.

Mk

5.1

as a pre onditioner

In this se tion, we present some experiments to illustrate the quality of the
matri es

Mk ,

when used as pre onditioners, to a

elerate iterative methods

for solving problem (1).
In our rst experiment, we monitor the

k

in reases, where

Mk

κ(Mk A) when
A. For that, we

ondition number

is the S hulz iterate for the matrix

onsider the following test matri es:
1.

Subgroup A
• DA11 = NormRand(100, 5, 200, 20), for whi
102 .
• DA12 = NormRand(300, 10, 300, 100),
6.9 × 102 .

• DA13 = NormRand(500, 20, 1000, 400),
1.35 × 103 .

2.

h

κ(DA11) = 1.45×

for whi h

κ(DA12) =

for whi h

κ(DA13) =

Subgroup B

• DB11 = RandSV D(500),

for whi h

κ(DB11) = 6.71 × 107 .

• DB12 = RandSingV al((10, 500, 5000, 5×104, 5×105 , 5×106 ), 100),
for whi h

κ(DB13) = 5 × 105 .

• DB13 = RandSingV al((100, 500, 5000, 5×104, 5×106 , 5×108 ), 100),
for whi h

κ(DB13) = 5 × 106 .
Figures 1 and 2 show the value of
We

an observe the fast

Mk A as k in reases for ea
κ(Mk A) to 1, as indi

onvergen e of

theoreti al results in se tion 2.

h subgroup.
ated by the
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Fig. 3:

Convergen e of the eigenvalues of

Mk A

when

k

in reases for

A =

DA21
For our se ond experiment, we monitor the
values of Mk A towards 1. For that
RandSingV al((1, 2, 3, 4, 5), 100). We

we
have

onvergen e of the eigen-

onsider the test matrix

DA21 =

hosen this test matrix with very

Mk A as k in reases. Figure 3 shows the behavior of the ve eigenvalues of Mk A as k in reases. For
this parti ular experiment we omputed the eigenvalues of Mk A using the
R fun tion eig, and we also omputed the one-variable Newton
MATLAB
iterations on the fun tion f (x) = 1 − 1/x, using as initial values the eigenvalues of M0 A. We an observe that the eigenvalues onverge to 1, as indi ated

few

olumns to easily visualize the spe trum of

by Theorem 2.4. Noti e also that the

onvergen e a

elerates in the last iter-

ations, whi h is a standard observation for Newton's method. Similar results
were obtained when this experiment was applied to matri es in subgroups A
and B.

5.2

PR2-S hulz and CG-S hulz for least-squares
problems

In this se tion, we present some experiments to illustrate the performan e
of the proposed s hemes (PR2-S hulz and CG-S hulz) on dense linear leastsquares problems. For
(Algorithm 3.1) xing

omparisons we will use the Ri hardson-PR2 method

Ck = I

for all

k,

when applied dire tly to the normal

Pseudoinverse pre onditioners and iterative methods for LDLLSP
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T
equations (2), i.e., using the square and nonsingular A A as the oe ient
T
matrix, and A b as the right hand side ve tor. This ombination will be
denoted as Ri hardson-NEQ.
We

onsider the following test matri es:

• DD11 = RandSingV al((1 : 0.1 : 20), 500),

for whi h

κ(DD11) = 20

• DD12 = RandSingV al((1, 2, . . . , 98, 500, 1. × 105 ), 500),
κ(DD12) = 1. × 105

for whi h

• DD13 = RandSingV al((0.01, 1, 2, . . . , 297, 500, 1. × 106 ), 500),
8
whi h κ(DD13) = 1. × 10

for

• DD14 = RandSingV al((0.01, 1, 2, . . . , 297, 500, 1. × 105 ), 5000),
7
whi h κ(DD14) = 1. × 10

for

b = (1, 1, 1, . . . , 1)T and x0 = (1, 1, 1, . . . 1)T .
−8
The toleran e for stopping the iterations is ǫ = 10 , and the maximum
number of allowed iterations is Mmax = 200. Based on Theorem 2.3, for the
In all our experiments we set

PR2-S hulz and the CG-S hulz methods we

ould stop the iterations when

kMk rk k2 ≤ ǫ. Nevertheless, in PR2-S hulz Mk hanges
k , whereas in CG-S hulz Mk is a xed given matrix,

dynami ally at every
omputed in advan e

using S hulz method, and then applied as a pre onditioner to the CG method
for all iterations. Hen e, for the sake of
we will

omparisons, in all our experiments
kAT (Axk − b)k2 , for

onsider the norm of the least-squares residual,

the stopping

riteria. In the rst set of experiments we

ompare the PR2-

S hulz method with the Ri hardson-NEQ method, and stop the iterations
when the norm of the residual is su iently small, i.e., when

kAT (Axk − b)k2 ≤ ǫ.
For all the other experiments, we stop the iterations when the relative norm
of the residual with respe t to the initial residual is su iently small, i.e.,
when

kAT (Axk − b)k2 /kAT (Ax0 − b)k2 ≤ ǫ.
In Figures 4 and 5 we report the norm of the residual per iteration for
PR2-S hulz and Ri hardson-NEQ for
tively.

We

A = DD11

learly observe that applying the

and

A = DD12,

respe -

lassi al Ri hardson method

on the normal equations, as expe ted, is extremely slow and requires a pro−8
hibitive amount of iterations to redu e the norm of the residual to ǫ = 10 .
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Norm of the residual of the rst 20 iterations of PR2-S hulz and
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Norm of the residual of PR2-S hulz and Ri hardson-NEQ for
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A =
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Norm of the relative residual of CG-S hulz for
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k

70

A = DD13

with three

to build in advan e the pre onditioner

Mk (k =

20, 30, 45).
We

an also observe that applying the pre onditioning strategy based on

S hulz method (PR2-S hulz) drasti ally redu e the number of required iterations to a hieve the same high a
omputational

ura y. It is worth mentioning that the

ost per iteration for Ri hardson-NEQ is mainly two matrix-

ve tor produ ts, and the

omputational

ost per iteration for PR2-S hulz is

mainly two re tangular matrix-matrix produ ts (to obtain
of requiring less
a

Mk AMk ).

In spite

omputational work per iteration, Ri hardson-NEQ is not

ompetitive option for a

urately solving large dense linear least-squares

problems.
Now we would like to

onsider the CG-S hulz method for solving least-

squares problems. In this

ase, one important issue is the number of previous

S hulz iterations required to build a suitable pre onditioner in advan e. In
order to illustrate this important issue, we report in Figure 6 the norm of the

A = DD13 and three dierent
values of k to build in advan e the pre onditioner Mk , k = 20, 30, 45. The
most important observation is that the hoi e of the parameter k is riti al.
Noti e that for the matrix A = DD13, k = 20 does not produ e a su iently
relative residual per iteration of CG-S hulz for

good approximation to the pseudo-inverse, and as a result, the sequen e of
relative residual norms generate overow values and the pro ess is abruptly
stopped. On the other hand,

k = 45

produ es an ex ellent approximation
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A = DD13

with two dierent values of

pre onditioner

k

to build in advan e the

Mk (k = 30, 40).
M45 as a pre onditioner, only 5 CG
k = 30, the CG-S hulz method onverges

to the pseudo-inverse and then, using
iterations are required.

When

but requires 62 iterations. Noti e that in the CG-S hulz method the main
omputational
that rst stage,

ost is required for building the pre onditioner

2k

and, in

re tangular matrix-matrix produ ts are required, as in

the PR2-S hulz method. On e the matrix
omputational

Mk

Mk

has been built, the required

ost in the pre onditioned CG method is almost irrelevant

sin e they require only matrix-ve tor produ ts.
Consequently, in order to ompare the behavior of the PR2-S hulz method
and the CG-S hulz method, dierent values of
in the CG-S hulz method need to be

k

to build the pre onditioner

onsidered. In Figures 7 and 8 we report

the norm of the relative residual per iteration of PR2-S hulz, and CG-S hulz
for

A = DD14

and

A = DD13,

respe tively, and two dierent values of

Mk using S
of k for whi

k

to build in advan e the pre onditioner

hulz method. Noti e that

it is always possible to nd a value

h the matrix

Mk

is good

enough to guarantee that CG-S hulz requires very few CG iterations. However, as mentioned before, the

omputational

approximation to the pseudo-inverse

ost for building su h a good

ould represent an ex essive amount of

work. It is also worth mentioning that the PR2-S hulz method represents a
robust option that builds the matrix

Mk

dynami ally, avoiding the

hoi e of
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A = DD14

with two dierent values of

pre onditioner

a

20

k

to build in advan e the

Mk (k = 20, 30).

riti al parameter in advan e. It is also interesting to observe, from Figures

7 and 8, that the PR2-S hulz method requires very few iterations to a hieve
−4
low a ura y (e.g. ǫ = 10 ), and seems to be the best option in that ase.
To

k = 0,

lose this se tion we would like to noti e that using CG-S hulz with
where

M0

is given by (6), is exa tly the same as using CG dire tly

on the normal equations (2).
on all the

This option has produ ed very poor results

onsidered test matri es. Therefore, based on our numeri al ex-

perien e, CG on the normal equations is not a

ompetitive option for dense

ill- onditioned linear least-squares problems.

6

Final remarks

The main

ontribution of this work is the use of S hulz method to build

re tangular pre onditioners that

an be embedded into some

well understood iterative s hemes to a

elerate the

lassi al and

onvergen e when solving

dense linear least-squares problems.
The S hulz pre onditioning s heme was

ombined with an extension of

Ri hardson's method (PR2-S hulz), produ ing a robust option for large and
dense problems. It was also

ombined with the

onjugate gradient method
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(CG-S hulz), and in this

ase the number of S hulz iterations needs to be

dened in advan e, whi h turns out to be a

riti al

hoi e. For some

of the number of preliminary S hulz iterations, the CG-S hulz method
be very

ompetitive and

onvenient, and for some others it

hoi es
ould

ould not work

at all. The optimal value of the number of S hulz iterations, in terms of the
required

omputational work, for the CG-S hulz method is a key issue that

deserves further investigation.
The most signi ant

omputational

ost in PR2-S hulz and also in CG-

S hulz is the two re tangular matrix-matrix produ ts per iteration. In order
to redu e this
explored a

ost to only one matrix-matrix produ t per iteration, we have

ouple of options. Using the expression for

that for any ve tor

Mk−1 A in (5) it follows

w



k−1
Mk−1 w
Mk w = 2Mk−1 w − I − (I − M0 A)2
k−1

= Mk−1 w + (I − M0 A)2

w.

(20)

(k+1)
To nd a re ursive expression of dk+1 = Mk+1 r
for all k , we ombine
k
(k+1)
(k)
(k)
r
= r − λk AMk r and equation (20), where Pk ≡ (I − M0 A)2 , to

obtain

dk+1 = Mk r (k+1) + Pk Mk r (k+1)


= Mk r (k) − λk AMk r (k) + Pk Mk r (k) − λk AMk r (k)
= Mk r (k) − λk Mk r (k) + Pk Mk r (k) + λk Pk2 Mk r (k)
= (1 − λk ) dk + Pk dk + λk Pk2 dk .

A se ond and simpler option is based on the dire t

al ulation of

Bk = Mk A

zk = Mk b independently instead of Mk rk , using the following re ursions:
Bk+1 = Bk (2I − Bk ), and zk+1 = (2I − Bk )zk . We have run the same exand

periments reported in the previous se tion, with these two less expensive options, obtaining the same number of iterations of CG-S hulz and PR2-S hulz
whenever the

ondition number of the matrix

A

is not too ill- onditioned.

However, for very ill- onditioned problems, they have shown some numeri al
instability at the last iterations. For that reason we are not reporting with
these two variants. Exploring the possibility of stabilizing these s hemes is
an interesting line of future resear h.
The extension of the S hulz pre onditioning strategy for sparse problems
is a very di ult task. On one hand, the matrix-matrix produ ts in S hulz
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method produ e signi ant ll-in from the beginning of the pro ess, and
therefore, the sparsity in the matrix

Mk A would

be lost almost immediately.

On the other hand, if we introdu e a dropping strategy in S hulz method to
preserve the sparsity pattern, then the orthogonality
2.3 is lost. This orthogonality

ondition in Theorem

ondition is the most important feature of the

ombined pre onditioned s hemes dis ussed in this work.
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